On closed rotating worlds by Chrobok, Thoralf et al.
ar
X
iv
:g
r-q
c/
01
03
01
5v
1 
 6
 M
ar
 2
00
1
On closed rotating worlds
Thoralf Chrobok, Yuri N. Obukhov∗, and Mike Scherfner†
Institute of Theoretical Physics, Technical University of Berlin, Hardenbergstr. 36, D-10623
Berlin, Germany
Abstract
A new solution for the stationary closed world with rigid rotation is obtained
for the spinning fluid source. It is found that the spin and the vorticity are
locally balanced. This model qualitatively shows that the local rotation of
the cosmological matter can be indeed related to the global cosmic vorticity,
provided the total angular momentum of the closed world is vanishing.
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I. INTRODUCTION
The study of rotating cosmological models is of interest both mathematically and physi-
cally (some of the previous work on this subject is overviewed in [1,2]). The first stationary
metric with vorticity [3,4] described an open world filled with dust matter plus the cosmo-
logical term. For many years and for the numerous researchers, this model served a kind
of theoretical laboratory for the investigation of the specific rotational effects. Besides, it
stimulated the study of the role of Mach’s principle in the general relativity theory. In this
respect, it is worthwhile to mention the papers of Ozsva´th and Schu¨cking [5] which made
a major contribution by providing the true anti-Machian model. The latter describes a
spatially closed world, in contrast to the open universe of Go¨del.
One can distinguish the two types of rotation in cosmology. The first one, which can be
called geometrical (or spacetime) rotation, is determined by the kinematics of the curved
spacetime itself, irrespectively of the matter contents of a model. Technically, its properties
are described by a formal comoving observer interpreting the cosmic time coordinate line as
an own world-line. The second type of rotation arises when the cosmological matter itself
has a proper motion such that the corresponding fluid flow is characterized by the nontrivial
vorticity (which can be called material rotation).
In the original Go¨del’s model [3], these two rotations coincide because the matter is as-
sumed comoving, however this is not true in general [6]. A typical example is provided in
[7] where the matter flow has nontrivial vorticity, whereas the spacetime (described by the
Robertson-Walker metric) is non-rotating. Another example is given by the anti-Machian
closed world model [5] in which the material and geometrical rotations are different (more-
over, the matter flow has a nontrivial shear unlike the spacetime geometry itself).
In the study of the rotating cosmological models, it seems natural to consider the spin
(intrinsic angular momentum) as an important physical property of the matter source. After
all, the elements of the “cosmic fluid” are either galaxies or clusters of galaxies (at modern
epoch) or the high energy elementary particles (at early epochs) all of which have spin.
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Actually, that was one of the basic motivations for Whittaker [8] to ask how can the largest
physical system (universe) be non-rotating when all the other known systems, from particles
to galaxies, have rotation.
In the present paper, we will demonstrate that the spinning cosmic matter gives rise
to a true anti-Machian rotating closed world. The resulting model is, in a certain sense, a
“relative” of the old stationary model of Ozsva´th and Schu¨cking [5]. Namely, both models
belong to the type-IX Bianchi spatially homogeneous spacetimes. There is however, an
essential difference in that the material rotation now coincides with the spacetime rotation
(i.e., there is no proper motion of matter) and the shear is absent, in contrast to [5]. It
seems worthwhile to note that our new model is stationary and thus, like the Ozsva´th and
Schu¨cking world [5], it does not refer directly to the real expanding universe.
II. SPINNING MATTER
We will describe the cosmic matter with spin by means of the Weyssenhoff model. It
was proposed in flat spacetime in [9], and the modern treatment of the curved spacetime
variational theory of spinning fluid is presented in [10].
The ideal Weyssenhoff fluid is a continuous medium, the elements of which are charac-
terized by the intrinsic angular momentum (spin) proportional to the volume element. The
spin density is described by the second rank skew-symmetric tensor
Sij = −Sji, (1)
the spatial components of which coincide in the rest frame with the density of the 3-vector
of spin of a matter element. This is provided by imposing the covariant constraint, the so
called Frenkel condition:
Sij u
i = 0, (2)
where ui is the four-velocity of a fluid element.
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The (metric) energy-momentum tensor of the Weyssenhoff fluid reads:
Tij = ε uiuj − p hij − 2(g
kl + ukul)∇k(u(iSj)l), (3)
where ε is the energy density, p is the pressure, and hij = gij−uiuj is the standard projector
(with the velocity normalized by uiu
i = 1). The energy-momentum tensor (3) can be written
in a different form of a general non-ideal fluid with “the energy flux” qi and “anisotropic
pressure” piij as
Tij = εeff uiuj − peff hij + 2u(iqj) + piij , (4)
where as usually uiqi = 0, pi
i
i = 0, piiju
i = 0, and the newly introduced quantities are defined
by the spin:
εeff = ε− 2ωklS
kl, peff = p−
2
3
ωklS
kl, (5)
qi = − (h
j
i∇l Sj
l + al Sli), (6)
piij = 2ω(i
k Sj)k − 2σ(i
k Sj)k −
2
3
hij ωkl S
kl. (7)
The dynamics of spinning fluid is described by the rotational and translational equations
of motion. The rotational equations give the motion of spin:
∇i(u
iSkl) = uku
j∇i(u
iSjl)− ulu
j∇i(u
iSjk) = uk Slj a
j − ul Skj a
j. (8)
Hereafter aj = ui∇iu
j is the acceleration field. The translational equations of motion are,
as usual, the consequence of the energy-momentum conservation law. From (3) one finds,
with the help of (2),(8) and the Ricci identity:
∇iT
i
j = uj(u
i∇iε+ ε∇iu
i + p∇iu
i)− hij∇i p
+ (p+ ε) aj + 2u
i Sjl∇ia
l +Rklij u
i Skl = 0. (9)
Projections of (9) on ui and on the orthogonal directions read
(p+ ε)∇iu
i + ui∇iε = 0, (10)
(p+ ε)aj − h
i
j∇i p+ 2Sjiu
l∇la
i +Rklij u
i Skl = 0. (11)
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III. GEOMETRY
We will study the stationary spacetime model belonging to the wide class of rotating
spatially homogeneous models [2]
ds2 = dt2 − 2Rnadx
adt− R2 γab dx
adxb. (12)
Hereafter the indices a, b, c = 1, 2, 3 label the spatial coordinates, R = R(t) is the scale
factor, and
na = νA e
A
a , γab = βAB e
A
a e
B
b . (13)
Here νA, βAB are constant coefficients (A,B = 1, 2, 3), while
eA = eAa (x) dx
a (14)
are the invariant 1–forms with respect to the action of a three-parameter group of motion
which is admitted by the space-time (12). We assume that this group acts simply-transitively
on the spatial (t = const) hypersurfaces. It is well known that there exist 9 types of such
manifolds, distinguished by the Killing vectors ξA and their commutators [ξA, ξB] = f
C
AB ξC.
Invariant forms (14) solve the Lie equations LξBe
A = 0 for each Bianchi type, so that models
(12) are spatially homogeneous.
More specifically, we will confine our attention to the case of the closed world belonging
to the Bianchi type IX. Then, denoting the spatial coordinates x = x1, y = x2, z = x3, one
has explicitly:
e1 = cos y cos z dx− sin z dy, e2 = cos y sin z dx+ cos z dy, e3 = − sin y dx+ dz, (15)
which satisfy the structure equations
deA = fABC e
B ∧ eC , with f 123 = f
2
31 = f
3
12 = 1. (16)
We now write the ansatz for the line element (12)
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ds2 = gαβ ϑ
α ϑβ , gαβ = diag(1,−1,−1,−1), (17)
in terms of the orthonormal coframe 1-forms ϑα:
ϑ0̂ = dt−RνA e
A, ϑ1̂ = Rk1 e
1, ϑ2̂ = Rk2 e
2, ϑ3̂ = Rk3 e
3. (18)
Here, k1, k2, k3 are positive constant parameters. The Greek indices α, β, . . . = 0, 1, 2, 3
hereafter label the objects with respect to the orthonormal frame; the hats over indices
denote the separate frame components of these objects.
IV. CLOSED ROTATING WORLD
In order to finalize the formulation of the problem, we have to specify the assumptions
about the cosmic fluid source. As we already mentioned, we are interested in the comoving
case, when the mean velocity is
ui = δi0. (19)
Hence, with respect to the orthonormal frame, uα = (1, 0, 0, 0), and from the Frenkel condi-
tion (2) we see that the spin density can have only spatial nontrivial components:
S2̂̂3, S3̂1̂, S1̂̂2. (20)
We are looking for the stationary world, so all the time dependence is absent, and thus
the scale factor is fixed at some constant value, R = R0, whereas the components of spin
(20) are also constant.
The gravitational field equations read, with κ the Einstein gravitational constant and
cosmological constant Λ (with respect to the orthonormal local frame):
Rαβ −
1
2
Rgαβ = κTαβ + Λ gαβ. (21)
Substituting (18)-(20) into (3) and (21), after some algebra one finds from the off-diagonal
components of the Einstein equations:
6
κS2̂̂3 =
ν1
2R0k2k3
, κ S3̂̂1 =
ν2
2R0k1k3
, κ S1̂2̂ =
ν3
2R0k1k2
. (22)
Using these in (8), one verifies that the rotational equations of motion are satisfied auto-
matically. Substituting (22) into the diagonal components of (21), one finds that the latter
are consistent only when all the three parameters are equal:
k1 = k2 = k3 =: k. (23)
Then, the Einstein equations yield for the energy density and the pressure
κ ε+ Λ =
3k2 − ν21 − ν
2
2 − ν
2
3
4R20k
4
, (24)
κ p− Λ =
−k2 − ν21 − ν
2
2 − ν
2
3
4R20k
4
. (25)
For the dust equation of state p = 0 (incoherent matter), we thus finally find:
ε =
2(k2 − ν21 − ν
2
2 − ν
2
3)
4κR20k
4
, Λ =
k2 + ν21 + ν
2
2 + ν
2
3
4κR20k
4
. (26)
V. DISCUSSION AND CONCLUSION
It is straightforward to obtain the kinematical quantities which describe the space-
time geometry. A direct calculation of the vorticity, ωµν = h
α
µh
β
ν∇[αuβ], shear, σµν =
hαµh
β
ν∇(αuβ) −
1
3
hµν∇λu
λ, and the volume expansion θ = ∇λu
λ, yields:
σµν = 0, a
α = 0, θ = 0, (27)
ω2̂̂3 = −
ν1
2R0k2
, ω3̂1̂ = −
ν2
2R0k2
, ω1̂̂2 = −
ν3
2R0k2
. (28)
Comparing with (22), we find
κSαβ = −ωαβ. (29)
This is quite a remarkable relation as it indeed supports the idea which was put forward
by Whittaker [8]: the rotation of the local matter elements, i.e. spin Sαβ, is derived from
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the overall global rotation of the universe, that is ωαβ. Moreover this result is in complete
agreement with the work of King [11] on closed rotating Bianchi-IX spacetimes. The rotation
of the local matter elements are balanced by the rotation of the spacetime, so that there is
no net angular momentum. This can be made more explicit by recasting (29) into the form
of the equation describing the vanishing of the total (orbital plus spin) angular momentum
of the universe,
κSαβ + ωαβ = 0. (30)
Thus, in the sense of King, our solution is not a counterexample to Mach’s principle. We
however have a more direct and transparent mechanism of the balance, without the need
of the gravitational-wave interpretation developed in [11]. Note that our results have been
obtained in the framework of Einstein’s general relativity theory. Similar observations were
also reported for the cosmic spinning string solutions in the Einstein-Cartan theory of gravity
[12].
Another interesting result is that, given the radius of the universe R0, the magnitude of
the angular velocity ω2 := 1
2
ωαβω
αβ = (ν21 + ν
2
2 + ν
2
3)/(4R
2
0k
4) cannot be arbitrarily large in
the closed world. As we see from (26), the energy density is only positive when
|ω| <
1
2R0k
. (31)
Recall that in the open Go¨del cosmos κ ε = 2ω2, and thus the angular velocity could be
arbitrary.
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